C*-ALGEBRAIC CHARACTERIZATION OF BOUNDED ORBIT 
INJECTION EQUIVALENCE FOR MINIMAL FREE CANTOR 

SYSTEMS 
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Abstract. Bounded orbit injection equivalence is an equivalence relation de- 
fined on minimal free Cantor systems which is a candidate to generalize flip 
Kakutani equivalence to actions of the Abelian free groups on more than one 
generator. This paper characterizes bounded orbit injection equivalence in 
terms of a mild strengthening of Rieffel-Morita equivalence of the associated 
C*-crossed-product algebras. Moreover, we construct an ordered group which 
is an invariant for bounded orbit injection equivalence, and does not agrees 
with the Kq group of the associated C*-crossed-product in general. This new 
invariant allows us to find sufficient conditions to strengthen bounded orbit 
injection equivalence to orbit equivalence and strong orbit equivalence. 



1. Introduction 

This paper establishes a characterization of bounded orbit injection equivalence, 
as introduced in [7] by S. Lightwood and the second author, in terms of a strength- 
ened form of Rieffel-Morita equivalence between C*-crossed-products. For mini- 
mal Z-actions of the Cantor set, bounded orbit injection equivalence is equivalent 
to flip-Kakutani equivalence, i.e., the equivalence relation generated by Kakutani 
equivalence and time reversal. Bounded orbit injection equivalence is a generaliza- 
tion of flip-Kakutani equivalence which applies to actions of Z,'^ where time reversal 
is not a well-defined concept. While Giordano, Putnam and Skau have shown 
in [12, Theorem 2.6] that Kakutani strong orbit equivalence is characterized by 
Rieffel-Morita equivalence of the C*-crossed-products, the C*-algebraic picture of 
Kakutani equivalence, and more generally bounded orbit injection equivalence, is 
the main new result of this article and, informally, can be described as a form of 
Rieffel-Morita equivalence where moreover the space on which the action occurs is 
remembered. We begin our paper with an introduction of the concepts we will use 
and the framework for our characterization. We then establish our characterization 
in the next section. In the last section we apply our results to derive a sufficient 
condition for bounded orbit injections to give rise to strong orbit equivalence. This 
condition involves an ordered group which is a direct Z'' analog of the group used in 
[12, Theorem 2.6] when o? = 1, but in contrast to that case, it is not the Xo-group 
of the C*-algebra when d > 1. Giordano, Matui, Putnam and Skau have recently 
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shown that this group modulo the infinitesmal subgroup characterizes minimal Z 
Cantor systems up to orbit equivalence [14]. 

A triple (X, Z'') is a dynamical system (on a compact space) when X is a 
compact space and tp is an action of Z'' on X by homeomorphisms. A Cantor 
system (X, ^p, if) is a dynamical system where X is a Cantor set. Moreover, if <^ 
is a free action, then (X, 93, if) will be called free as well, and if every point in X 
has a dense orbit for the action then {X, ip, Z'') will be called minimal. 

Let (X, if, 1'^) and (Y, ip, 11^') be two free minimal Cantor systems for some pos- 
itive integer d. Wc wish to investigate when (p and V' a-re equivalent in some dy- 
namically meaningful way. A natural concept of equivalence is given by conjugacy: 
p) and are conjugate when there exists a homeomorphism h: X such that 
h o p = ijj o h. However, classification up to conjugacy is a very complex problem, 
and it has proven fruitful to study weaker form of equivalences with more tractable 
invariants. A fundamental example of such an equivalence is orbit equivalence [12]: 
the actions p and ijj of Z are orbit equivalent when there exists a homeomorphism 
h : X Y and two maps n : X ^ 1 and m : F — > Z such that for all x G X and 
y gY we have h o p{x) = ip"^^^ o h{x) and o h~^{y) = o ip{y). In other 

words, p and ijj are orbit equivalent if and only if there exists a homeomorphism 
h : X ^ Y which maps orbits to orbits. Following [12], the actions p and tp are 
strongly orbit equivalent when the maps m and n are discontinuous at one point 
at most. Giordano, Putnam and Skau proved in [12, Theorem 2.6] that the C*- 
crossed-product algebra of the two minimal free actions p and ^ of Z on a Cantor 
set are *-isomorphic if and only if p and ^ are strongly orbit equivalent. 

The C*-algebra of an action a of Z'' on a compact set X is defined as the universal 
C*-algebra C{X) XqZ'' generated by C{X) and unitary operators for all z G 
subject to the relations U^f {U^f = / o a'^ and U^U^ = [7^+^' for all / G C{X) 
and z,z' e with = 1. C*-crossed-products were introduced in Zeller-Meier 
in [17] and have a rich and complex structure as C*-algebras [17] [9] [16], whose 
connection with the defining action is not always clear. It is thus a remarkable fact 
that when a is a minimal and free action of Z on a Cantor set X , the crosscd-product 
C{X) xIq, Z is a complete invariant for strong orbit equivalence. Moreover, in this 
case, the C*-crossed-products are inductive limits of so called circle algebras and 
arc fully classified up to *-isomorphism by their K groups (including the order on 
if and some distinguished elements in each group Kq and Ki ) , as shown by Elliott 
in [3]. Thus, the ordered Kq group and its order unit of the C*-crossed- product for 
such actions form a complete invariant of strong orbit equivalence. 

Yet, in general, proving that two C*-algebras are *-isomorphic is nontrivial, and 
again some weaker but interesting form of equivalence have been introduced to help 
with this problem. Two C*-algebras A and B are Rieffel-Morita equivalent when, 
informally, their categories of non-degenerate representations on Hilbert spaces are 
equivalent. More formally, two C*-algebras A and B arc RicfFel-Morita equivalent 
when there exists a full B Hilbert module M such that the C*-algebra of compact 
adjoinable operators on M is *-isomorphic to A [6, Theorem 4.26 p. 164] [15]. In 
particular, when the C*-algebras A and B are simple, if there exists a *-isomorphism 
p : A ^ pBp with p some nonzero projection in B then A and B are Morita 
equivalent. In [12, Theorem 2.6], Giordano, Putnam and Skau established that 
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C{X) Z and C{Y) 'a^'L are Rieffel-Morita equivalent if and only if ip and V' 
are Kakutani strong orbit equivalent. Kakutani strong orbit equivalence is defined 
in terms of induced systems: if A is a clopen subset of a Cantor set Z and a is 
a minimal free action of Z on Z then (x^ is the action of Z on ^ defined by first 
return times of a to A, and is called a derived system of a. Now, Lp and i/' are 
strongly orbit Kakutani equivalent if there exists a free minimal action a of Z on 
some Cantor set Z such that both kp and V' are conjugated to derived systems of a. 
The systems ip and i/; are Kakutani strong orbit equivalent when they are strongly 
orbit equivalent to derived systems of a. Thus once again, a dynamical concept 
such as Kakutani strong orbit equivalence is characterized by a standard concept 
of C*-algebra theory — Rieffel-Morita equivalence. It is thus natiu-al to investigate 
analogous C*-algebraic descriptions of other forms of equivalence between minimal 
free Cantor systems. 

Two minimal free systems (X, ip, Z) and (Y, ^, Z) are flip-Kakutani equivalent 
if (X, if, Z) is Kakutani equivalent to either (F, ip, Z) or its time reversed system 
(Y,f^o(7,Z) where cr : z € Z — z. Now, g is the only automorphism of Z 
besides the identity, but the situation is more complicated for in general. To 
generalize the notion of flip-Kakutani equivalence, S. Lightwood and the second 
author introduced in [7] the notion of orbit injection equivalence between minimal 
free actions of on the Cantor set. In general, for an action a of Z'' on a set Z 
we denote the image of ^; e Z'' by a^. We recall from [7]: 

Definition 1.1. Lei (X, i^, Z'*) and (Y, tjj , Z'^^) be two free dynamical systems. Then 

a m,ap 9 : X ^ Y is an orbit injection from {X, ip, Z'') to {Y, tp, Z**) when 9 is a 

continuous open injection such that for all x,y G X we have: 

(1.1) 

3w e Z'^ such that ip^{x) = y if and only if 3v e Z** such that ip'" o 9{x) = 9{y). 

The cocycle for an orbit injection 9 is the function rj : X x Z"^ ^ Z'^ defined by 
tp^''^'^^9 {x) = 9{ip'^x). The orbit injection 9 is called bounded if the cocycle rj is 
continuous. 

We observe that, as the actions ip and tp are free, Identity (1.1) uniquely defines 
the cocycle rj. Moreover, the range of an orbit injection is clopen, since it is assumed 
open by definition and it is the continuous image of a compact set so it is closed as 
well. 

Remark 1.2. In [7] , bounded orbit injections are not required to have open range, 
and it is shown instead that for d = 2 the range of bounded orbit injections has 
nonempty interior. In general, given two minimal free Cantor systems (X, ip, Z'') 
and (Y, Ip, Z'') , the range of a bounded orbit injection 9 from (X, p, Z'') to {Y, Z'') 
has nonempty interior if and only if it is open (or equivalently 9 is an open map). 
Indeed, assume X' = 6{X) contains an open subset U. Let y G X'. By minimality 
there exists z E Z'^ and IjJ £ U such that ip^ {ijj) = y. Then there exists a unique 
a; G X and h G Z'^ such that 9{x) = uj and 9 (<^~'* (a;)) = y since 9 is an orbit 
injection. Now, since the cocycle r] associated to 6 is continuous, the subset O = 
{ri{-,z)) ^ ({— ^}) of X is open. Let V = ^(1 9~^{U) which is open in X as well. 
Now, since X is compact and 9 is a continuous injection, 9 is a homeomorphism 
from X onto X' for its relative topology in Y. Thus in particular, 9{V) is relatively 
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open in X' , i.e. there exists an open subset T of Y such that 9{V) = T f] X' . Yet 
6{y) Q U C X' and U is open in Y so 0{V) — T DU is open in Y . Moreover, by 
construction, {9 (V)) = {V)) so tp'' {9 {V)) is an open subset of Y (since 
ijj'^ is a homeomorphism) and is contained in 0{X). Yet y G {9{V)), so 9{X) 
is a neighborhood of each of its points and is thus open in Y. The converse is 
immediate. 

Deflnition 1.3. Let [X^ip,!/^^ and (Y,ip,'Z'^'j be two free minimal Cantor systems. 
Then {X, (p, I/) and [Y, ^jj, lA) are bounded orbit injection equivalent when there 
exists a minimal free Cantor system (Z, a, Z**) with two hounded orbit injections 9^ 
and 9.^ from, respectively, (X, ip, if) and (Y, tjj, Z**) to [Z, a, if) . 

The fact that bounded orbit injection equivalence is reflexive and symmetric is 
obvious, and transitivity was proven indirectly in [7] for d = 2 where bounded orbit 
injection equivalence is proven to be the same relation as suspension equivalence. 
In the last section of this paper, we will give a proof that bounded orbit injection 
equivalence is transitive for any e N \ {0} and thus is indeed an equivalence 
relation. 

This paper establishes that the systems (^X,(p,Z'^) and (F, ■0,Z'^) are bounded 
orbit injection equivalent if and only if both C{X) y\^l^ and C{Y) xi^ Z'^ can be 
embedded as corners in C(Z)x„Z'^for some minimal free Cantor system (Z, a, Z'') , 
and the images by these embcddings of both C(X) and C(F) are subalgebras 
of C{Z). We note that this result is new even in the case of actions of Z as a 
characterization of flip-Kakutani of minimal free Cantor systems. The proof of this 
first result occupies our first section. It partly relies upon techniques inspired by 
[12, Theorem 2.6], as well as other tools such as spectral decomposition of C*- 
crossed-products . 

We show in Theorem 3.12 that for a minimal Cantor system (X, ^, Z'') the 
ordered group (G {(p) , G where 

= C{X,I.)l{f-fip-:veT'') 
G {ip)^ = {[/] : / [x] > for all x e X} 

is an invariant of bounded orbit injection equivalence. In the case when <^ is a 
Z-action, by the Pimsner-Voiculescu six term exact sequence [1] this is the Kq- 
group of the C*-algcbra C{X) y^^Z. Wc show that (G {(p) ,G{(p)^) shares many 
properties with simple dimension groups. However, as is shown in [8], this group 
may contain torsion even when d = 2. The connection between the ordered group 
(G {ip) , G (<^)+) and the C*-algebra G{X) yi^Z'^ ior d > 1 is unclear (see discussion 
in [11] [10]). Thus while it is not particularly surprising that it is an invariant of 
bounded orbit injection equivalence, it is interesting that by the aforementioned 
results it is an invariant of this strengthened notion of Reiffel-Morita equivalence 
for G{X) x^Z''. 

We show that given bounded orbit injections 9i, 92 from two minimal Cantor 
systems (X, Z'') and (Y,tp,Z'^) into a third (Z, a, Z*^), the question of whether 
the system (Z, a, Z"^) may be omitted turns on the nature of the isomorphisms 
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and he^ from (^G {(p) , G {(f ) _^_) and (G (V') , G into (G (a) , G («)_,_) induced 

by the orbit injections, or if one prefers, the nature of the isomorphism h = hg^he^ : 
{G{lp) ,G{(p)^) {G{ip) ,G{ip)^). Specifically, letting [Ix], [ly] represent the 
equivalence classes of the constant functions 1 on the spaces X, Y, if h [Ix] = 
[Ly] then we show that there is a bounded orbit equivalence from (X, Z**) to 
(Y, 'ijj, Z**) . If h [Ix] — [ly] is an infinitesimal element then we show that the orbit 
injections can be modified to a (not necessarily bounded) orbit equivalence from 
{X, if, U^) to (r, V, Z'') • Finally, if [ly] - h [Ix] S G (1/')+ then there is a bounded 
orbit injection from X toY . 

As is the case in [7, 14], partitions associated with tilings are a key tool for 
proving results about Z''-dynamics and wc use Voronoi tilings for our results about 
the group (G ((/?) , G In particular, the notion of a Voronoi- Rohlin partition 

serves as a 1/ version of the tower partitions used in [12, Theorem 2.6]. 

Acknowledgement. We wish to thank Alvaro Arias, Thierry Giordano, Hiroki Matui, 
Ian Putnam, and Christian Skau for helpful discussions. 

2. C*-ALGEBRAIC CHARACTERIZATION OF ORBIT INJECTION EQUIVALENCE 



This section establishes the characterization of bounded orbit injection equiv- 
alence in terms of Rieffel-Morita equivalence of C*-algebras. Given a dynamical 
system (X, (pjZ'') on a compact space X, the C*-crossed-product C{X) Z'* is 
the universal C*-algebra generated by a copy of C{X) and a family {U^) ^^^^ of 
unitary operators satisfying the relations U^fU~^ = / ° V^'^, U^U^ = U^'^^ and 
C/O = 1 for all z,z' e Z'^ and / € C{X). The construct ion of this C*-algebra is 
detailed in [17], [9] and [16]. Note that in this paper, we shall follow the convention 
that (fi^ is the homeomorphism given by the action on X at z G Z'', and the asso- 
ciated unitary in the crossed-product C{X) x^Z'^, which we will call the canonical 
unitary for <^ at ^r, is denoted by C/^. 

This section generalizes methods developed in [12] to the case of Z'' actions. An 
important tool in [12] is the description of normalizers of the C*-subalgebra C{X) 
in the crossed-product C{X) x Z. We shall also need such a description, but in 
addition wc need to make sure that the normalizers we will encounter form a group 
isomorphic to Z'' — something which is automatic when d = 1 but needs some ef- 
forts for the general case we study in this paper. In general, the generalization from 
actions of Z to actions of Z"^ involve various technical points which we emphasize 
in the proofs of this section. 

As a first step, we shall establish the following proposition, which provides a 
mean to embed a crossed-product into another given a bounded orbit injection: 

Proposition 2.1. Let X and Z be Cantor sets. Let (X,(p,Z'^) and [Z,tp,Z'^) be 
two free dynamical systems and 9 : X Z a bounded orbit injection with unique 
cocycle rj. Then the projections defined for z,h ^ and y G Z by: 

CO 1 A UA _\'^if^x,x'€X y = 0{x) and x = ip'^ix') and y = tp'^ {0 {x')) , 
(Z.l) p^[y) - I Q otherwise. 

satisfy: 
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• For z,h E Z'^, the projection p| is in C{Z), hence in C{Z) Z'', 

• For z eZ''- and h ^ h' e Z''- we have p^pl, = 0, 

• For z G Z'' the set {h : pi ^ 0} is finite, 

• The set 9{X) is clopen in Z , 

• If p is the projection on 9{X) i.e. is the multiplication operator by the 
indicator of 9{X) in Z, then for all z € Z'' we have: 

• For z,z' ,h Elfi we have: 

pi^'' = E pi'-pi-H-or''', 

Consequently, setting for z e Z**; 

V^= ^plU^ + {l-p) 

hei,'' 

then the map z € 'Z'^ i—^ is a group isomorphism into the unitary group in 
C (Z) Z"^. Moreover, Vp = pV^ for all z e Z<^. 

Proof. We denote 0{X) by X'. By assumption, ^ is a continuous bijection from X 
onto X'. Since X is compact, 9 is in fact a homcomorphism from X onto X' for the 
relative topology on X'. Moreover, as the continuous image of a compact set, X' 
is closed in Z. Since by assumption on 6 the set X' is also open in Z, we conclude 
that 9{X) is clopen in Z. 

For all y e Z and z,/i S Z"*, we define pl{y) by Identity (2.1) and we note 
that the support Xf[ of pf^ is the image by 9 of set = {r]{-,z))~ {{h}), the 
latter being clopen in X since rj is continuous. Since X' is clopen in Z and ^? is a 
homcomorphism from X onto X' we deduce that X^ is clopen in Z. Hence p^ is a 
continuous function on Z. We now establish the properties of the lemma. 

Assume X,^ n X^^, ^ for some z,h,h' G Z<^. Let y G X,^ n X^^,. Then by 
definition, there exists x,x' ,x" ,x"' G X such that y = 9{x) = 9{x"), with x = 
and x" = (^^(x'") and y = '0'' {9{x')) = ^j^' {9{x"')). Since 9 is injective, 
X = x" . Since (p^ is a homcomorphism, we have x' = x'". Since the action by ip is 
free, h = h'. Thus, if /i ^ Z?,' then X^ n X^, = 0. 

Moreover, let y G X'. By definition, there exists (a unique) x G X such that 
y = 9{x). Set x' = ip~^{x). Since 9 is an orbit injection with cocycle r/, we have: 

,l,vi^'^)(e{x')) = 9 {ip'ix')) = 9{x) = y 
by Definition (1.1). Hence by definition y G -^^(j. z)- Conversely, if y G Xf^ then 
by definition y G X'. Thus for any z G Z'' the set X' is the union of the clopen 
sets X^ for h G Z'^ and thus X' itself is clopen. Furthermore, as X' is closed 
in the compact set X we conclude that X' is compact. Thus for any z S Z**, if 
Vz = {h E Z"^ : Xf^ 7^ 0} then the family (X^)^^^ is a partition of the compact 
X' by open subsets, so it is finite. Hence Vz, which equals {/i G Z'' : ^ O} by 
definition, is finite as claimed. 

We thus have proven that for a fixed z G Z'', the projections p^ [h G Z'') are 
pairwise orthogonal and that X^^g^d = P where p is the projection on X' i.e. 
the indicator function of X' in C (Z) (note that p G C{Z) since X' is clopen in 
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Z) - and where only finitely many terms in the sum are nonzero. We now prove a 
natural convolution product relates the projections for varying z G Z"*. 

Let z, z', h e U^. Let y G Z. Then (y) = 1 if and only if there exists 
x,x' € X such that: 

(2.2) y = e{x), X = (x') and y = V'' {x')) ■ 

Since x = ip^ (^tp^' {x')j , by assumption on 6, there exists h' = rj (^if^' {x'), z^ € Z'' 
such that y = (o (^ip^ ^^'^)) ' summary, for some h' G Z**: 

(2.3) y = (e [ip^' ix'))) and x = {'p'' (x')) . 

Hence by definition, pfi^,{y) = 1. Note moreover that /i' is unique, since Pf^i{y) = 1 
implies that p^"{y) = for all h" ^ h' . 

Furthermore, since tp~'^ = (jP^ ) we have from the first equality in (2.3): 

V'-'^' (j/)=(^(^^'(x')) 
and from the last equality in (2.2): 

V'-''(y) = V''"'' {dix')) 

and therefore by definition: 

pCh' (V'-'' (y)) = 1- 

Hence we obtain the desired formula: 

(2.4) pl+^' {y) = J2 Pi' iy) {Ph-h' o V""' (y)) , 

noting that for any y € X only one term at most in the sum is nonzero. 
We can now define for all 2; S Z"^ the following operator: 

V^= ^p^[/^ + (l-p)GC(Z)x^Z^ 

where again the sum is over only finitely many nonzero terms. 
Now, let y € Z\X' and let z, /i e Z"^. We compute: 

(p^C/^(l-p))*(p^C/^(l-p)) = {l-p){ploi;^){l-p) 

= {l-p)(ploi,'^). 

Yet if o tp^{y) = 1 then by definition there exists x,x' € X' such that tp'^iy) = 
e{x), x = ip'^ix') and V"'' [i^^iv)) = 6{x') G X' . This last equation forces y & X' 
and thus (1 — p) (y) = 0. Hence: 

(2.5) plU!lil-p) = 0. 

By the convolution formula (2.4), Equality (2.5) and the trivial observation: 

{{1-P)pl){y) = 
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for all z,h <E and y ^ Z, wc conclude: 

= E E PlKvi'U'i: + {^-P) yet U>^ = £/^'t/^+''' so: 

= E ( E PhPh"-h ° ^^'^ I t^;'" + (1 - P) where /i" = + /i' 

= E ?'^"''^r + (i-p) = ^'^''- 

Moreover by construction y " =j;+l— p = 1. Hence z i-^ y ^ is a morphism from 
Z'^ into the unitary group of C (Z) Z'^. Last, we note that Identity (2.5) shows 
that p^C/^ = PhUl^p for all z,h e Z'^, which in turn establishes that for all z G Z"^ 
the unitary commutes with p. Our proposition is thus proven. □ 



As a first use of Proposition (2.1), we prove that the existence of a bounded 
orbit injection implies Rieffel-Morita equivalence of crossed-products with an addi- 
tional property, thus establishing the necessary condition of our characterization of 
bounded orbit injection equivalence: 

Proposition 2.2. Let (X, cpjZ'') and (^Z , , Z'^'j be two minimal free Cantor sys- 
tems and let : X ^ Z be a bounded orbit injection from (X, (p, Z'') to [Z, tp, Z'') . 
Then there exists a *-monomorphism a : C{X) xi^ Z'^ — > C{Z) Z'^ such that 
a{C{X)) C C{Z) and whose range is the corner algebra p(C{Z) xi^Z'^)p where 
p = a(l). 



Proof. Let / e C{X) and y G Z. We set: 



fix) ify = 9ix), 
otherwise. 

First, 7r(/) is a wcll-dcfincd map from Z to C since 6 is injcctivc. Alorcovcr, it 
is straightforward to check that 7r(/) is continuous over Z since the range of 6 is 
clopen by Proposition (2.1). Let V,p and pf^ (z,h £ Z'^) be given by by Lemma 
(2.1), which applies since 6 in a continuous orbit injection and both ip and ip are free 
by assumption. Note that p is the indicator function of 9{X) in Z, so p = ■7r(l). Let 
now / e C{X) be given. We wish to check that (tt, V) is a covariant representation 
of [X, (fi, Z**) so we compute: 



vMf)v-' = E PhK + (1 - p) <f) E pi'U"^ + {^-p) 

/ \h'. 

= E E piK^w^'^'pi'^ 

/lezd /i'ez<* 
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since (1 — p) 7r(/) — 7r(/) {1 — p) ~ 0. Now, for h, h' G Z'^ we have: 

= (^(/)°V'-')(K(K'°^''-'))c/^''' 

Oiih^ h' 
7r(/) o ifh^h'. 



(2.6) 



Indeed, suppose that pf^(y) = 1 for some h <E Z'^ and y ^ Z. Then by definition, 
there exists x,x' e X such that y = 6{x) = ■ijj''' {0{x')) and x — ip^{x'). Then: 

^h'-h^y^ = ^'''-'^ (v' {0{x'))) = ^i^^' {e{x')) . 

Yet if p^^ii'ip'^ ~^ (y)) = 1 for some /),' G Z** then there exists w, w' G X such that 
ij/^ ~^{y) — 0{w) — tp'^ {9(w')) and w — ip^'{'w'). Yet then since ip'^ o 6 is injective, 
we conclude that w' = x' and thus x = w so ~^{y) = V- Hence as ip is free we 
conclude that h = h'. Thus ^p^, o tp'^ (y) is 1 when h = h' and otherwise. 

Hence by Identity (2.6) we have V^7r{f)V~^ G C'(Z) and moreover by construc- 
tion, if a; e X and y = 9{x), since 9 is an orbit injection with cocycle r]: 

vMf)v-'iy) = ( E P^f^^f'^ ° ^"^ 1 (2^) 

= 7r(/o<^-^) (y). 
On the other hand, if y ^ ^{^) then: 

= 

= 7r(/o<^-^)(y) 

where the last equality follows from 'K{g){Z / X') = {0} for all g G C{X) by con- 
struction. 

Hence the pair {n,V) is covariant for (X, (/5,Z''). It is however degenerate, and 
its integrated *-morphism is actually valued in the corner p (C{Z) Z'') p. It will 
be convenient to work explicitly in this corner. We note that for all / G C{X) we 
have 7r(/) G pC{Z)p = C {9{X)) and p commutes with for all z G Z"^. Hence, 
setting tt' =pi^{-)p and = pV^p for g G Z'' we define a nondegenerate covariant 
pair (tt'.cj) valued in p[C{Z) xi^,Z'^)p. By [16, Proposition 2.39] there exists a 
unique *-morphism a such that for all / G C{X) we have a(/) = 7r'(/) G pC{Z)p 
and for all ^; G Z<^ we have ct{U^) = co^. Since (X, Z*^) is minimal, the morphism 
a is injective. We now investigate the range of a. First by construction, the 
range of a is a C*-subalgebra of p{C{Z) Z'^)p and 7r'(l) = a{l) = p. Second, 
tt' = a|c(x) is a ^-isomorphism onto C {9{X)) C C(Z). Now, let h G Z''. Set 

Xh = |a; G X' : ip^{x) G X'| and note that X/i is clopen in X'. Let qn be the 
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indicator function of Xh in C{Z). Now: 

Hp - Qh) UH; (p - {ip - Qh) Ul; {p - qh)) ={p- qu) ■ {P - Qh) o 

Note that p ~ qh is a projection (since qh is a subprojection of p). Now, if 
{P - Qh) (x) = 1 then X e 9{X) and ^ 9{X) and thus {p - qh) (^^'{x)) = 0. 

Hence {p - qh) (p - qh) = 0. Similarly: 

{QhU!; {p - qh))* {qhU^ {p - qh)) = {p - Qh) ■ qh o = 

and thus qhU!^ {p — Qh) = 0. We would prove {p — Qh) U^qh = the same way. We 
conclude: 

pU!l;p = qhW^qh- 

On the other hand, let x G Xh and \ct w E X be the unique clement such that 
X = 9{w). Since 9 is an orbit injection, we conclude that there exists k such 
that 9{}p~^(w)) = ^^^{x), i.e. p'^{x) = 1. Since 6, ip and ip are free we conclude 
that ii k' ^ k then {x) = 0: indeed, assume there exists k' G Z"^, w' ,w" € X 
such that X = 9{w'), w' = ip'^ {w") and x = ip'^ (9 {w")). Then since 9 is injcctivc, 
w' = w. Since and 9 are injective, w" = (p~^{w). Hence (p^*^ {w) = (p~'^{w) and 
since is free we conclude that k = k'. Hence the projections for j e Z** are 
pairwise orthogonal and thus the sets X^ {k G Z'') arc disjoint. 

Since Xh is compact and Xh is the disjoint union of the clopen subsets X^ 
{k G Z*^) of Xh, we also conclude that the set {k gZ'^ : p'^^ O} is finite. Therefore 
we can write: 

qh=Y,Ph^ C{Z). 
feez<* 

Now, for all z,z' G "S/ we have by construction: pf^oj^pf^ = p^Ul^Ph so (noting 
all the sums are finite): 

pf/> = qhU^qh =J2 J2 PhU^Ph 
= J2 Yl Pl^^'Pi erana. 
Hence the range of a is p{C{Z) as claimed. □ 

We now proceed to prove the converse of Proposition (2.2) and thus establish 
our main theorem for this section. We use the following notations. Let G be an 
Abclian discrete group and let ip be an action of G on a compact space X. Wc 
denote the Pontryagin dual of G by G. We define the dual action 7 of the compact 
group G on C{X) x^^ G as the unique action such that for all / G C{X),x G G and 
g G G we have 7^(/) = / and ^'^{U^) = xid)^^- In this context, we define, for all 
a G C{X) x^G: 

(2.7) E(a) = / 7^(«)rfM(x) 

Jg 

where jj, is the Haar probability measure on the compact group G. It is standard 

that E is a conditional expectation from C{X) yi^G onto the fixed point of 7 which 
is C{X). We refer to [17], [9] or [16] for the proof of the existence of the strongly 
continuous action 7 and its fundamental properties. 
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We have the foUowing immediate extension of [12, Lemma 5.1] from actions of 
Z to actions of U^: 

Lemma 2.3. Let d G N\{0}. Let X be an infinite compact space and let (p be 
a minimal free action of Z'' on X by homeomorphisms . Let v be a unitary in 
C{X) 'A^p'L'^ such that vC{X)v* = C{X). Then there exists orthogonal projections 
{Pg)g^'2^d in C{X) such that '^^g^^dPg = 1 while {^g : Pg ^ O} is finite and: 

v = fJ2pgU^ 

for some f e C{X). 

Proof. Let G = Z'^ and let the Pontryagin dual of G be denoted by G (i.e. G — 
T^). For g G G let 5g be the Dirac measure at g € G (we identify measures 
with their density against the counting measure over the countable space G). Let 
X E X. Define the following representation tTj. of C{X) G on £'^{G): for / S 
C{X) we set TTx{f)Sg = f{(p~^{x))Sg and for /i G G we set ttx (U^) 6g = 6g+h. 
This representation is known as the regular representation induced by the measure 
Dirac measure at x on X [9]. It is routine to check that 'Kx{U!^)'Kx{f)''^x {U,^^) = 

(/ o ¥'"'') and thus tTx extends uniquely to a *-representation of C{X) x,^ G. 
Moreover, since the action of G is minimal and X is infinite, the crossed-product 
C{X) xi(p G is simple and thus tTx is faithful. In addition, tTx is irreducible (using 
the freedom of the action ip). These facts can be found in [9] and are well-known. 

Let g € G. Set Pg = \E{vU~^)\ where E is the conditional expectation on 
C{X) XI G defined by the dual action 7 of G and Identity (2.7). Let Xg C X he 
the support of pg G C{X). Let x G G. We define the unitary u-^ on i"^ (G) by 
u^Sfi = x{h)5h for all h E G. For / G C{X) we have: 

(since is diagonal in the basis {Sg)g^Q so commutes with the diagonal operators 
TTxif) for all / G C{X)). Let g G G. Then: 

u-^nx{U^)u^Sh = Uxnx{U^)x{lT')Sh 
= u^Trx{U<^)x{-h)5h 
= u^x{-h + g)Sh+g 

= X{9)5h+g 

Hence since tTx is a continuous *-morpliism, tt,,; o = Adu^ o n^. (Note that 
since the action is minimal, is actually injective on C{X) and together with the 
intertwining of the dual actions, this fact ensures an alternative proof that tt^ is 
faithful). 

Since iTxiv) stabilizes 7rx(G(X)), it also stabilizes tTx {G (X))" . Now: 

^x {C{X))" (G) 

where (G) is identified with the multiplication operators on £^(G) or, equiva- 
lently, with the maximal Abelian Von Neumann algebra of diagonal operators in 
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the basis {Sg : g e G}. Indeed, the inclusion £°^{G) C ttx {C{X))' is easily checked, 
and if T e S {i^ (G)) with {TSg,Sg>) ^ for some g g' then, choosing / G C{X) 
so that f{ag{x)) ^ f{ag>{x)) we conclude that: 

{T7T{f)Sg,Sg,) = f{ag{x)){TSg,Sg,), 

{nif)TSg,Sg,) = fiag,ix)){T6g,Sg,), 

and thus 7r(/)T ^ Tnif). Hence, T £ 7r(C(X))' if and only if € £°°(G). Hence 
= TTx (C(X))' and thus 7r^(G(X))" = £°°(G)' £°°(G). 
Thus there exists {^h)heG ^^^^ A/j G T and a : G ^ G a. permutation such that 
for all heG: 

(note: if Qh is the projection onto CSh then Trx{v)Qh''^x{v)* € £°°{G) and is a 
projection so Trx{v)QhT^x{v)* = Qa{h)-) 
Then for all 3 G G and h G G we have: 

nx{Eg{v))5h = [ nx ilHi^U-'^)) 6hdtx{x) 

JG 

/ u^TTx (v) T^x {U^^) u*6hdn{x) 
3 

/ x{(^{h-g)-h)Xh-gS^(^h-g)dl^{x) 

JG 



Xg-hSh if o-{h - g) =h 
if a{h -g)i-h 



Hence: 

T^x {Pg) 



{ 

'*~\ Oifa(/i-; 



9) = h, 

91 "1^ ^ n\f^lh-g)^h. 



This proves that pg is a projection and PgPh = iS g ^ h G G. In particular, Xg 
is clopen since Pg continuous. 

Let —gx = CT~^(0) (note: a depends on x as it is defined via ttx{v)). Then if 
G G is the neutral element of G: 

PgA^) = {^x{PgJ5o,So) = 1. 

Since x is arbitrary in X, we conclude that \^ Xg = X (by above equation: if 

geG 

X £ X then x G Xg^). Since {Xg : G G} is an open covering of the compact X 

there exists a finite subset S C G such that X = \^ Xg. Since the sets Xg are 

ges 

pairwise disjoint (as PgPh = 0) we conclude that if 5 G 5'^ then Xg = 0. Hence, 
Pg = if .9 e S'' and (SgesPg = 1- 

Last, let vo = J2gesPg^^ ■ construction, tTx {wq) = A. Since tTx is faithful 
and unital and A is a unitary, so is vVq and thus ?;o is a unitary. In particular, 
SgeG V~^iPg) = ■'^o'^^o = 1- Moreover, since A G tTj: (G(X))" and C{X) is maximal 
Abelian in G(X) xi,^ G (as is free), we conclude that there exists / G C{X) such 
that TTx{f) = A. By faithfulness of ttx we conclude that v = fvo as claimed. □ 



We now prove the main result of this section: 
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Theorem 2.4. Let [X, (p, Z'') and [Z, tp, Z'^) he two free minimal Cantor dynamical 
systems. The following are equivalent: 

(1) There exists a hounded orhit injection 9 : X ^ Z , 

(2) There exists a *-monomorphism C{X) y\^lfi into C{Z) Z"^ such that: 

. aiC'iX)) C aZ), 

• Letting p = a{l), the range of a is p {C{Z) yi^ Z**) p. 

Proof. Proposition (2.2) establishes that (1) impUes (2). We are left to show that 
(2) implies (1). 

Assume henceforth that we are given a *-monomorphim a : C{X) x,^ Z'' — > 
C{Z) Z** with the properties mentioned in (2). Let p = a{l) e C{Z) (p is 

a continuous {0,1} valued function on Z whose support is a clopcn subset of Z 
denoted by X'). Note that we can write any operator in C{Z) x^ Z'^ as a 2 by 

2 matrix ^ ^ such that a e p {C{Z) x^ Z'') p, 6 £ p {C{Z) x^ Z'^) (1 - _p), 

c e (l-p) {C{Z) ^^'L'^)p and d e {I - p) {C{Z) x^ Z'') {l-p). Now, in this 

decomposition, for all g & 1/ we set 

uja = cj([/9) and V9 = ^ _ .Fix 

g ^ifi. By assumption on a we have: 

= | ° :/eC(X),/'GC(Z\X')|. 

Fix g G Z''. We also have by our assumptions on a that for all / G C{Xy. 
a;«a(/V-« = a([/^/C/-«) = a(/ o ^_^) g pC{Z)p. 

Hence stabilizes C(Z) in C(Z) x^ Z"^. By Lemma 2.3, we conclude that for 

all ft, G Z'' there exists a projection G CiZ) such that X]/iez<iPh ~ ^ with 
{ft G Z'' : 9^ 0} finite and /g G C{X') (valued in T) such that: 

By assumption on a, the set X' is homcomorphic to X. Then let x ^ X' . Let 
ft G Z''\{0}. Then if p^(x) ^ (hence = 1) then pl{x) = for all k ^ h by 
orthogonality. Let /' G C(.^) supported in Z\X' and such that 1 = /' (a;) 7^ 

/' Then ys/'y-s = /' by construction. Yet: 



= /.EE {piifo^-'){ur')pi' 

\feez<* fe'ez<* 

= /.[EE (/'°V'-'=)(«°/'-') 

\feez<* fe'eZ'i 
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and thus, by orthogonality, as in Identity (2.6) in the proof of Proposition (2.2), we 
see that: 



feeZ'' / \ keZ"^ / fee 



Hence: 



i^feez<i / \fcez<* / 

= /'oV;-''(x)^/'(x). 

This is a contradiction. Hence p^(x) = and G C(X') for all /i ^ and 
g G G. Clearly 1 — p is a subprojection of Pq for all g £ G. It will be convenient 
to change our notation in the sequel, and denote the projection p^p by Pq for all 
g € Z''. With this new notation, J^hei.'^ Ph ~ P- 

Let 6 : X ^ X' he the homeomorphism defined by a{f){x) = f o 9~^{x) for all 
X e X' and / G C{X). We claim that 6, identified as an injection X ^ Z, is a. 
bounded orbit injection. 

Let X G X and g Z'^. Let X^ be the support of pf^ for all h & Z'^ and note 
that X^ is a clopen subset of X'. Since X^^jg^d pf, = P and these projections arc 
orthogonal, there exists a unique h = h {x,g) e Z'^ such that e{Lp3(x)) e X^. 
Now, since there are only finitely many nonzero projections {p^ : /i S Z''}, the map 
a; I— > /i (a;, 5) is bounded on X. 

Let x,y £ X and set z = 9{y). Then (p^{x) = y implies z G X^^ Let 
/i = h{x,g). Now by construction, z G if and only if p^j.{z) = for all 

k G Z''\{/i}. Using the same computation technique as before, we have: 

a(/)oV-'^(-'9)(^) 

E^'^^^l •«(/)• I E^'^f^*' 

»^feez<i / \feez<i 

= (y%(/)T/-'?) (z) 

= a(C/^/C/-^)(z) 
(2.8) = a(/o^_J(z). 

Hence v'^(x) = y implies by definition of a and Equality (2.8): 

for all / e C(-'^), or equivalently as C{X) separates the points of X: 

X = ip-3{y) = o V''^^'^^ o 0{y), 

or equivalently: 1/'"''^'''^^ (^(a;)) = e{y). 

Let us now assume that (x) = y for some x,y G X' and fc G Z"*. We shall use 
the following sequence of claims to establish the existence of n{x, g) G Z'' such that 
^n(x,s)(5l-i(^^^ ^ 61-^ (y). 
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Let A = C{Z) XI ^ Z''. The dual action 7 of T'' on A defines spectral subspaces 
by setting: 

VgeZ"^ Ag = {ae A-.Vlu eT"^ 7'^(a)=a)fa} 

where, if we write oj = {oji, . . . ,uid) and g = {gi, . . . ,gd) then uj^ = (ti;f\ . . . , w^**). 
For a, 6 G A we set: 

(a, 6) = E (b*a) 

and we thus defined an C(Z)-valued inner product. We check easily that Ak and 
Ajn are orthogonal for fc 7^ m for this inner product. 
We now prove: 

Claim 2.5. There exists x G X' and k & with ip''{x) G X' if and only if 

PU'^P + 0. 
Note that: 

(pf/»*(pt/» = p(poV''^)p 
(2.9) = p(po^'=). 

Hence pU^p ^ if and only if {^U^p^ (^pU!^pj ^ which is equivalent by (2.9) 
to the existence of x € X' such that ^^''{x) € X'. 
Claim 2.6. For any k we have pU^p e A^. 

Let X S T'^. Then, note that p = a(l) € C{Z) by assumption so 7-^(p) = p for 
all X G T'' hence: 

iHpU^p) = 7HphHu!;h''{p) = pi''{u^)p = x^pU^p 

as claimed. 

Clciim 2.7. Suppose that there exists fc e Z"^ such that for all 5 G Z** and x G X' 
we have p^. {x) = 0. Then a{C{X) Z'^) is orthogonal to Ak for (., .). 

The C*-algebra a{C{X) Z'^) is generated by a{C{X)) C C{Z) and lu^ {g e 
Z''). By Lemma 2.3, for all g G Z'* we have lu^ = fg'}ZheZ''P^h^4> after replacing 
Pg with and with fg e C(X'). Thus with our assumption, ui^ A^. Hence 
a{C{X) Z'^) is orthogonal to Ak- 

Claim 2.8. Suppose that there exists x € X' and fc G Z*^ such that y := ip''{x) e X'. 
Assume moreover that there is no g € Z^ such that 6~^{y) = ip^{6~^{x)). Then for 

all g G Z"^ and z ^ X' we have p^f.{z) — 0. 

Let g,j G Z'^. By definition, if {6 o ipJ o 0^\x)) ^ then 

y = e{ip^{e-\e o ip^ o e-\x)))) = e {ips+j {e-\x))) . 

So by assumption p^ {9 o ip^ o 6^^{x)) ~ for all 9, j G Z''. Now: 

{^i{e-\x)) :jeZd}=X 

since (p is minimal. 

Since 6 and are continuous and p^o 9 is null on {ip^ [6~^{x)) : j G Z''}, and 

since 0(X) = X', we conclude that pf.{X') = {0} for all g G Z''. Since is 
supported on X' by construction, we conclude that pi is null on X' for all <? G Z'' 
as claimed. 
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Claim 2.9. // there exists x ^ X' such that ip^{x) = y E X' then there exists 
gel/ such that ip3{e~^{x)) = e~\y). 

By Claim (2.5), we conclude pU!^p 7^ 0. Since a is onto pAp, we conclude 
pU^p G ran a. Yet pU^p G Ak by Claim (2.6). If wc assume that there exists 
no g Cz'L'^ such that ^^(a;) = y then by Claim (2.8) = for all g G Z''. By 
Claim (2.7), this would imply that ran a is orthogonal to A}.. We have reached a 
contradiction. Hence there exists g el/ such that 6 oips o d~^{x) = y. 

Hence we conclude that ^ is a bounded orbit injection as desired. □ 

We note that our result proves, among other things, that the corner p {C{Z) Z*^) p 

with the notation of Theorem (2.4) is in fact a C*-crossed-produet itself, a fact 
which follows in our proof from the special nature of bounded orbit injections. 

The ordered Kq group of C*-algebras is an invariant for Rieffel-Morita equiva- 
lence, and Theorem (2.4) implies that two minimal free Cantor systems are bounded 
orbit injection equivalence must have Rieffel-Morita equivalent C*-crossed-products. 
Hence the ordered Kq group of C*-crossed-products of minimal free Cantor systems 
is an invariant of bounded orbit injection equivalence. However the computation of 
the Kq group of a C*-crossed-product of a minimal free actions of Z"* on a Cantor 
set is a delicate matter for d> 1, as shown for instance in [10] - unless in the case 
d = 1 where the Pimsner-Voiculescu six-term exact sequence suffices [1]. As we 
shall see in the next section, one can however consider an alternative ordered group 
as an invariant for orbit injection equivalence, hence for the equivalence described 
in Theorem (2.4) between C*-crossed-products of minimal free Cantor actions. 

3. Orbit Equivalence from Orbit Injection Equivalence 

If (X, (p, I/) and {Y, tp, T/^ are bounded orbit injection equivalent, there is a 
third system (Z, a, Z"^) and bounded orbit injections from both (X, 1^, Z'') and 
(Y,V', Z'') into (Z, a,Z'^). In this section, we focus our attention on the problem 
of omitting the system (Z, a, Z*^) . That is, we address the question of when the 
existence of a bounded orbit injection equivalence be strengthened to the existence 
of a bounded orbit injection and/or an orbit equivalence. 

A particularly useful invariant of bounded orbit equivalence for our purpose is 
an ordered group defined by: 

G'(^) = Cix.m^j -f^^ -.vel/) 

G(<p)+ = {[/] :/(x) >OforallarGX}. 

This ordered group has been studied for minimal 1/ systems, e.g. in [4, 8], and 
is referred to there as the dynamical cohomology group. For d = 1, the triple 
formed by this ordered group along with a distinguished order unit forms a complete 
invariant for strong orbit equivalence. What, if any, analogous theorem there is for 
d > 1 is an open problem. 

In [7], Theorem (2.1) proves that if the suspension spaces of two minimal free 
Cantor systems (X, (pjZ'^) and (F, V',Z'^) are homeomorphic then (X, (^jZ'') and 
(Y, V', "l/^ are bounded-orbit injection equivalent. The converse is proven for d G 
{1,2} in [7]. Thus, one can apply some results proven in this section if we know 
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that two minimal free Cantor systems {^X,ip,U^^ and {Y^ip^U^^ are suspension 
equivalent. We work here with the simpler relation of bounded orbit injection 
equivalence. 

3.1. Voronoi-Rohlin Partitions. Wc create Voronoi-Rohlin partitions here, us- 
ing techniques similar to those used in [4, 7, 13, 14], and analogous to the way that 
Rohlin tower partitions are used in [12, Theorem 2.6] for Z-actions. More sophisti- 
cated results arc in [14], wc include the necessary arguments here for completeness. 
We use Voronoi tilings to tile Z'' for each point x, thus partitioning the points in 
each (^-orbit into equivalence classes. The idea is that for two points x, y in the same 
equivalence class, wc can determine a vector v (x) E such that (^''(■'') (.r) = y. 
Since we define v (x) in a locally constant way, we are able to define a continuous 
cocycle v [x) to serve our purposes. 

We begin with some basics of Voronoi tilings associated with an M-regular set 
i? C K''. Below, we denote the Euclidean metric in M'' by d , and the Euclidean 
norm by jj.jj. 

Definition 3.1. Let RdU^ and M > 0. We say that R is M-regular if 

(1) R is M-separated, that is, for any v € R, if w G R and w ^ v then 

d{v,w) > M. 

(2) R is 2M-syndetic, that is, for any v G M'^, there is a w G R such that 
d{v,w) < 2M 

Specifically, suppose i? c Z'^ is an M-regular set, and M > 2. For each p G M'', 
let V (p) be the (typically singleton) set of points w G R which achieve min d {p, w) = 

w&R 

d{p,v{p)). Note that minrf(p, w) is well-defined and uniformly bounded by 2M 

because the set R is 2M-syndetic. For w G R, the tile containing w is the set 
T (w) = {peW^ -.w ev{p)}. The covering of by the tiles {T {w) : w G R} is 
what we refer to as the Voronoi tiling r (R) . 

We note that with this setup, each tile T (w) is a convex, compact subset of K'' 
which is the intersection of a finite number of closed half-spaces. Because R C Z'' 
and R is 2M-syndetic, there are only finitely many tiles up to translation. That 
is, there are only finitely many different sets Pi, P2, . • . , -Pfe of the form T (w) — w 
where w G R, The sets Pi are referred to as the prototiles of the Voronoi tiling 
t{R). 

The following will serve as an important preliminary result because it will later 
be used to bound the number of vectors that are near the boundary of a tile. 

Lemma 3.2. Let d > 1. Then there is a b > (depending only on d) such that 
for any M > 2 and any M-regular set i? C Z'' if r (R) is the Voronoi tiling o/M'^ 
associated with R then any tile in r intersects at most b other tiles. 

Proof. Let B {x, r) C R"^ denote the ball in M** centered at x and with radius r. Let 

b be the maximum cardinality of a set {2/1,2/2, • • • , Vn} such that yi G B (0, 2) for 
all i, and B (yi, 1/2) n B (%, 1/2) = for i 7^ j. 

Now suppose M > 2 and that P C Z"^ is an M-regular set. Let Tq be a tile in 
T (P), and let a (To) = {Ti, T2, . . . , T„} be the set of tiles in r (P) which intersect, 
but are not equal to Tq. Let Xi G R denote the center of Tj for < i < n. A tile Ti in- 
tersects Tj if there is a point p gM.^ such that d {p, Xi) = d {p, xj) = min^gij d {p, v). 
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Because R is 2M-syndetic, d{xo,Xi) < AM for all 1 < i < n. Because R is M- 
scparated, d{xi,Xj) > M meaning that B {xi, M/2) D B {xj,M/2) = for any 
^ < hj < n. 

Now let Ui = {xi — xq). From the above it follows that the points yi are in 
B (0, 2) for < i < n and B {yi, 1/2) n B {yj,l/2) = for < i < j < n. Therefore 
n<h. □ 



To construct partitions associated with Voronoi tilings, suppose (X, ip, if) is a 
minimal Cantor system. Let C C X be clopen, and for each x ^ X consider the 
set of return times of x to C: Rc (x) = {v € 1'^ : ip'" {x) £ C} C 1'^. 

Definition 3.3. Let C d X be clopen. We say that C is M -regular if for all x G X, 
the set Rc {x) is M-regular. 

The following propositions establish the existence of M-regular clopen sets C 
with various properties. 

Proposition 3.4. Let (X, 93, Z'') be a minimal Cantor system, and let M > 2. 
There is an s > such that if C C X is clopen with diam{C) < e then C is 
M-separated. 

Proof. Suppose not. Then there is an M > 2 such that for every n > 1, there is a 
clopen set C„ a X , a point Xn S C„ and a vector w„ G Z'' such that diam (C„) < ^, 
f^" {xji) G C„ and < ||u„|j < M. There is a subsequence {xn^} such that all 
vectors Vn^ are equal to a vector v with < ||?;|| < M, and the sequence {xuk} 
converges to a point xq E X. Since is continuous, Hm/c^oo f"" (xuk) = {x)- 
Since d {ip'" {xn^) , Xnk) < linife^oo V?" (a^rifc ) = x, implying that (cc) = x, 
which is a contradiction to the freeness of the action. □ 

Proposition 3.5. Let (X, (p, if) be a minimal Cantor system. Let C be any clopen 
set. There is an r > such that C is r-syndetic. 

Proof Since ip is minimal, Uug^dC/^^C is an open cover of X. Because X is compact, 
there is a finite subcovcr. The result follows. □ 

Proposition 3.6. Let [X, p, Z'*) be a minimal Cantor system. Let C C X be any 
nonempty clopen set and xq £ C. Then there is an Mq such that if M > Mq then 
there exists a clopen set D c C such that xq € D and D is M-regular. 

Proof. By the Proposition 3.5, there is an r > such that C is r-syndetic. Let 
Mo = r. 

Assume that M > Mg. By Proposition 3.4, we may partition C into finitely 
many clopen sets of the form Ci, 1 < i < I where each Cj is M-separated. Without 
loss of generality, assume xq G Ci . 

Set Di = Ci and for 1 < n < /, recursively define: 

Dn = Dn-l U (Cn \ U||„||<m<P''-D„-i) . 

Set D = Dj. Now suppose that x,y E D where y = (p™ (x) with w 0. 
Case 1: Suppose x,y G Ci for some i. Then ||ui|| > M since each Ci is M- 
separated. 

Case 2: Suppose x G Ci, y E Cj for j > i. Then since x <= D, we have that x e 
Di and therefore x € Since y € D and y £ Cj we have y ^ U||^||<M</'"-f^j-i- 

Therefore, ||w|| > M and D is M-separated. 
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Fix any x & X. To show that D is 2M-syndctic, it suffices to show that there is 
a vector w with < 2M such that (p^ (x) G D. 

Because C is Mg-syndetic, we know there is a vector w with \\w\\ < Mq < M 
such that v?"" (x) e C. Therefore, ip"^ (x) € Q for some i. If tp"" (x) e D, c D, 
we are done. Otherwise, ip^ (x) ^ Di which impUes (f"^ (x) G U||„||<jvf(y5"Di^i. 
But then there is a with \\v\\ < M such that ip"^ {x) € (p'"Di-i which impUes 
p"-'" (x) e D,^i C D where diw.v) < M + Mo < 2M. □ 

Now given M > 2, we can create a tihng for each point x ^ X in the foUowing 
way. Fix an M-regular clopen set C and for x € X let t{x,C) — t{Rc{x)). 
There wih only be finitely many different prototile sets Pi, P2. • • • , Pk of the form 
T (w) — w where w G Rc (x) even as we vary x over the entire space X. For a G C, 
let P (a) be the prototile containing the origin in r (x, C). Fix a prototile Pk and 
set Ck = {a <E C : P [a) ~ Pk}- Then Ck = {a <^ C : P (a) = Pk} is clopen because 
P (a) only depends upon the set B (0, AM) C\ Rc (a). 

The above gives us a procedure for producing a certain clopen cover A. = 
{p'^Ck : w e Pk,l < k < K} of X where uf^^Cfe = C. We note that given the 
above along with any finite clopen partition V of C, we will frequently take a 
partition 

Q={Ck:l<k<K}VP 
of C, and consider the cover: 

B = [^""01 : Di cCk:DieQ,wePk,l<k< 

We will refer to this procedure as "refining {Ck} if necessary". We note that 
after such a refinement, one may have P {x) = P (y) for x,y G C in different 
partition elements. Points x,y € C in the same partition element will always have 
P{x) = P{y). 

What we really need from each tiling r (x, C) is a partition of Z''. To this end, 
note that by refining {Ck} if necessary, we may assume that if x,p'" (x) G Ck 
for some k, then > AM, which insures that if x and (p"" (x) are in the same 
partition element, the tile centered at the origin in r (x, C) does not meet the tile 
centered at v. Now fix x G C and a tiling r (.7;, X). For each w G Rc (x), consider 
the set Z (w) = T {w) fl Z'^, the tile centered at w intersected with Z''. The sets 
{Z {w) : w G Rc (x)} need not be pairwise disjoint. Thus for each w G Rc (x), we 
let Z' (w) be the set of all elements of Z (w) which do not have the property that 
V € Z {u) with (p"^ (x) G Ck, (x) G C; and I < k. As a result for each x € X, 
we obtain a partition Z (x) = {Z' (w) : w G Rc (x)} of Z"^. Again there are only 
finitely many different Z'^-prototile sets Z\,Zi, . . . , Zk of the form Z' (w) —w where 
w G Rc {x) for x € X, and for fixed k, the set of points x such that Z' (0) G Z (x) 
is equal to Zk is clopen. 

Mostly inherent in the above discussion is the proof of the following theorem. 
Below, A A B denotes the symmetric difference of two sets A and B. 

Theorem 3.7. Let (X, 1^, Z**) be a minimal Cantor system. Let xq & C C X 
where C is clopen. Then there are integers L >1 and Mq > 2, such that given any 
M > Mq there is a clopen partition V = {ip^Ck : w G Zk,l < k < K} of X with 

the following properties. 

(1) xo G uf^iCfc C C, 

(2) for all k, Zk contains all vectors w G Z** with \\v\\ < M/2, 
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(3) for all k, Zk contains no vectors u £ Z'^ with \\v\\ > 2M, 

(4) for any v G , \Zk A {Zk -v)\<L \\v\\ Af^-i. 

Proof. Given C as in the hypotlicjsis, by Proposition 3.6, there is an Mq such that 
for M > Mo there is an M-rcgular clopcn set D containing Xq. Let Pi, P2, . . . , Pk 
be the prototiles appearing in t [Rd {x)) for a; € X, and Ck = {x & C : P [x) = 
Pfc}. Via the procedure described after Proposition 3.6, we obtain clopen partition 
-p = {ip-^Ck : w; e Zfe, 1 < fc < if} of X. Note that any difference between Pk n 
and Zk takes place only if we have an intersection of two sets 'p'^Ck and <p^Ci in 
the original cover and in this case Hii^H = ||?;|| > M/2. Thus the intersection of the 
original Pk with the ball around the origin of radius M/2 is not affected, and it 
follows that Zk satisfy properties 2 and 3. By Lemmas 3.2, the collection of vectors 
in Zk A {Zk — v) is the union of at most b sets, each of which is a collection of 
Z'^-vectors within distance \\v\\ of a subset of a {d— l)-dimcnsional hyperplane in 
M*^. Because these hyperplane subsets are within the tile Pk, they have diameter 
less than 4M. The bound in 4 follows. □ 

Wc refer to a paritition P = {ip"'Ck '■ w € Zk,l < k < K} with the properties 
described above as a Voronoi-Rohlin partition centered at C. In the next section 
we will use the notation Pk in place of Zk for the integer partitions. 

3.2. The Ordered Group (G {(p) , G {ip)^) . Given {X, Lp, if) a minimal free Can- 
tor system, consider the group C (X, Z) under addition, generated by indicator 
functions \a of clopen sets A d X. Let B {(p) c C {X,Z) denote the set of (p- 
coboundaries, i.e., functions which are sums of functions of the form 1a — I^-^a 
where A is clopen and v 

Definition 3.8. We set: 

G{ip) = C{X,'L)/B{p) 
GM+ = {[f]. f{x)>Q for allx€X} 

The pair {G {p>) , G {'p)_^) is an ordered group, that is, G {(p) is a countable abelian 
group, and G {(p)_^ is a subset of G {(p) satisfying the following [4]. 

(1) GM+ + G(<p)+cG(<p)+ 

(2) G{p)^ + {-G{p)^)=G{^) 

(3) GM+n(~GMj = 

Notation 3.9. For gi and in an ordered group (G, G+), we will use the notation 

• 92>gi if 92- 9i& G+ 

• 92> 9\ if 92 > 91 and 52 7^ 5i- 

We need to employ Voronoi-Rohlin partitions in order to make use of the ordered 
group (G {(p) , G {<p)^) as an invariant for bounded orbit injection equivalence. The 
next two are the main lemmas along these lines. 

Lemma 3.10. Let {X, (p, Z'') be a minimal Cantor system, and let f,gGG {X, Z). 
Suppose [f] < [g] in (G {(p) , G {'p)_^.) ■ Then there are constants c > and Mq > 2 
such that if M > Mq, C is M -regular and V = Gj. : w ^ Pk,l < k < K} is a 
Voronoi-Rohlin partition centered at C then for 1 < k < K and x ^ Gk, 

vePk vePk 
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Proof. Wc have that g — f = h + (l-4i ~ l<^''(>)Ai) where h{x) > for all 

X E X, and the Ai are clopen. Since [/] < [g] there is a clopen set U upon which 
h (x) > 0. If C is M-separated then each Pk contains all integer lattice points which 
are within M/2 of the origin. Because U is r-syndetic for some r > 0, we know that 
there is a constant £ such that if M is sufficiently large and C is any M-separated 
set, then for all x £ X, 

h^" {x) > iW^ 

vePk 

On the other hand for each i, 



vePk 



J2 U {f''{x))-lA, (X)) 

vePk 

< \Pk A {Pk - V 

By Theorem 3.7, we have 

\Pk A {Pk-vm<LM''-^\\v{t)\\ 

If Mq is large enough to insure c ~ I — -^L X][=i ll"*^ (*)ll > 0, then 

Y g^- {x) - J2 fV'" ix) = (U,-V«^J(<^''(x)) 
vePk vePk vePk vePk 

I 

> £M'^-^LM'^-i||^;(i)|| 

i=l 

= cM'^ 

□ 

Lemma 3.11. Let (X, ip, be a minimal Cantor system, and let f,gGC {X, Z). 
Suppose V = {^p'^Ck : w e Pk,l < k < K} is a Voronoi-Rohlin partition centered 
at C such that for all x E Ck, 

gv'' ix) > Y f^'' (^) 
v^Pk vePk 

then [g] > [/]. Moreover, if the above inequality above holds for all x € Cfe, and for 
some k and x £ Ck the inequality is strict then [g] > [/] . 

Proof. Suppose is a Voronoi-Rohlin partition satisfying the above properties. For 
any function h G C {X, Z), let /i € C {X, Z) be the following function 

K 

h{x) = YIl ^Ck{x)-h^-{x) 
fe=i wePk 

Now 

fe=i wePk fe=i wePk 

K 

= E E {lCk^-'"-h-lCk-h^-) 
fe=i wePk 

So h — h £ B (ip) for any function h gC {X, Z). 
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The assumptions assert that g — f is a nonnegative function, which means that 
[g] > [/]■ If in addition, g — f evaluates to a positive value at one x & X, then 
b] -[/] 7^0, which implies [5] >[/]. □ 

In what follows we will use the following properties of (G [ip) , G 

(1) {G{(p) ,G{ip)^) is weakly unperforated, i.e., if n[f] > with n G Z and 
[/] G G (^) then [/] > 0. 

(2) (G (</?) , G {lp)^) has the strong Reisz property, i.e., if [gi\, [52], [/i], [/2] are 
in G{'p) with [fj] > [gi] for all i.j e {1,2} then there exists an [h] G G 
such that [Jj] > [h\ > [g^] for all i, j G {1,2}. 

(3) (G {ip) , G (</3)_|_) is simple, i.e., if for every [/] G G ('p)_|_\{0} and [g] G G (</?), 
there is an n G N such that n [/] > [g]. 

These properties were proven in [4] , along with the claim that G (</?) is torsion- 
free. The torsion-freeness part of the proof was later shown to be incorrect, leading 
to some interesting developments, see [8]. Nevertheless, it is true that the above 
properties hold for (G (</?) , G (<^)_|_); for example, they follow from Lemma 3.11. 

3.3. The ordered group as an invariant. In the following, we use Voronoi- 

Rohlin partitions to prove that if: i^X,ip,l/) and {Y,'^,l/) are bounded orbit 
injection equivalent then: 

(GM,GM+) -(G(V),G(^)+). 

Theorem 3.12. Let d > 1, and suppose (X, (/^.Z^) a,nd (Y, tjj , Z,"^^ are bounded 
orbit injection equivalent. Then (G {(p) , G {f }^) = (G (ip) , G (ip)^) ■ 

Proof. It suffices to consider the case where there is a bounded orbit injection 
6 : X ^ Y. Consider the homomorphism he : C {X, Z) ^ G (tp) defined on 
generators by hg (Ia) = [i-OA] for any clopen set A C X. 

To show that hg gives a well-defined homomorphism on G (tp), we wish to show 
that hg {1a — lif^A) = [0] for any clopen set A C X and v G Z*^. A clopen set A 
partitions into finitely many clopen sets Ai such that for each i, there is a t; (i) with 
eip"" {x) = tp^^^e {x) for all x&Ai. Therefore, 

/i (1a — I^i^a) = [IsA — le^i^^] 

i 

i 

= 

Now we will construct an inverse homomorphism. Apply Proposition 3.6 to 
9 {X) to obtain an M-regular subset C oi 9 {X) with M > 2, and an associated 
Voronoi-Rohlin partition centered &t C , V = {ijj^Ck ■ w G Pk}- We can assimic, 
after partitioning the clopen sets Ck further if necessary, that each partition element 
tp^Ck is a subset of 9 {X) or 9 {xy. Prom this, the set 9 {xy is a disjoint union 
of clopen sets of the form tp^Ck, i.e., 

e {Xy = Uf=i u/i? V"'^''*'^Cfe 
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where w{j,k) £ Pk for all {j,k). Let / 6 C(y,Z). Then let / G C {Y,Z) be the 
following functfon 



fix) 




Ef=iES'ic.(x)-/r(^'''=) (x) 



if x e r \ (X) 
if X e 6* (X) \ c 

if X G C 



It is not difficult to see that / i-^ / is a homomorphism, and therefore the map 



is a homomorphism. We wish to 



90 : C (y, Z) ^ G (^) defined hy gg : f 

see that gg applied to a t/'-coboundary is equal to [0] in G {(f) . Recall that any 
V'-coboundary is equal to the sum of functions of the form Is^ — l^t-c^s. where 
the sets Bi C Y arc clopcn and vectors v (i) G Z''; note that the Bi need not 
be distinct nor disjoint. Further, by subdividing the sets if necessary, we may 
assume that each set Bi and ijj^^^^Bi is a subset of an element of the Voronoi-Rohlin 
partition V = {^j'^Ck : w e Pk,l < k < K}. Fix i and set B = B,, v = v (i). Then 
B C V^'C'fe for some w, k. U B C (X), then = Is since Is = on y \ 6* (X). 
If B cY\0 {X), then Is = Ic^ • Is o V'"' = ^ip-^B- either case there is a vector 
u such that Is = 1v"b and ^"B c 6 {X). A similar fact is true of tp^B, there is a 
vector t such that I^^b = ^■4;i^B with ip^B C ^ (X). Setting B = tp^B, and v = t — u 
we have 1^ — = Ij 
Now let us consider 1; 



1 



1. 



1. 



^^.<sv — -^e-ifi -'-e-^ij^B- Because B and ^"i? are 
subsets of 9 (X), for each x G there is a vector a (x) such that 6(p°'^^^ (x) = 

'ip^6{x). Further the function a is continuous and takes on finitely many values 



w (1) , M (2) , . . . , It (/). Therefore, 1, 



is a finite sum of the form " 



l^^(i)A(i) where A{i) is the clopen set A{i) = {x : a (x) = u{i)}. It follows that 
gg applied to a ^/^-coboundary is a (^-coboundary. In particular this means that 
go : G (ip) — *■ G {ip) is well-defined. 

Now consider gghg applied to a function 1a where A c X is clopen. Then since 
0{A) cO {X), IgA = Ua- Further since 6 is injective, e~^6A = A. Thus, 

gghg [La] = ge [Ua] 
= UaO 

= [hAe] 



SAl 



Now consider hgge applied to a function 1 b where i? C 1^ is clopen and B C 
ip^Ck for some w, k. Then recall that Is = l^^s for some u with ip"B C 9 {X) 

hege [Is] = hg 1b9 

= hg [l^^sfi*] 
= hg [ig-i^^s] 

= [I^^b] 
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Therefore, geho and hggg arc both identity maps and G{ip), G (ip) are isomorphic. 

To see that the positive cones are preserved, consider f € C {X, Z) with / (x) > 
for all X G X. Then f = Y1 Cil^i where Cj > 0, Aj are clopen. he [f] = E Cjl^A ] G 

Conversely, suppose f € C {Y, Z) and / (y) > for all y G F. Then / (y) > for 
all yeY, and fe {x) > for all xeX. Thus 50 [/] e G (<p)_^. □ 

Suppose (X, yi, Z'') and (Y, V", Z'') are minimal Cantor systems which are bounded 
orbit injection equivalent by virtue of bounded orbit injections into a common sys- 
tem (Z,a,Z''). Below we give a condition on the isomorphisms created in Theorem 
3.12 which guarantees that there is a bounded orbit injection from (X, Z**) into 

(y, ip, TF) . This in turn, leads to a proof that bounded orbit injection equivalence 
is in fact an equivalence relation for d > 2 (the cases where d = 1,2 are already 
covered by [7]). 

Theorem 3.13. Suppose there exist bounded orbit injections 9i and 62 from sys- 
tems (X, (^, Z'^) and (Y,tp,Z'^'j into (Z, a,Z''), and that hg^ [Ix] < he^ \}-y\- Then 
there is a bounded orbit injection from (X, (p, Z"^) into (Y, t/j, Z"*) . 

Proof. By Lemma 3.10, there is a Voronoi-Rohlin partition: 

r = [a^Ck ■.wePk,l<k<K} 

of Z centered at C = ulL^Cfc such that for x € Ck, 

vePk vePk 
By further refining if necessary, we may assume P refines both {^i {X) ,Z\9i {X)} 
and {02 (Y) ,Z\92 {Y)}. Now for each k, we define an injection 

p^:{vePk: d"Cu C ^1 (X)} {z; e Pfe : a^Cfc C B2 (F)} 

For X e a^Cfe n Bx {X) e P set tt (a;) = a^'=(^)-'' {x). Then tt (By (X)) c B2 {Y) 
and we have a bounded orbit injection from (X, if) into (F, V', Z*^) defined by 
6'2"V6'i. □ 

Let m > 0. By the tower of height m over (X, (yS, Z'') , we mean the system of 
the form (X (m) , Z'^) where X (m) = X x {0, 1, . . . , m — 1}^ and ^ is defined 
by the following. Let x & X, v and u € {0, 1, . . . , m — 1}"^. Then v -\-u can 
be written in the form mw + r where w G Z'' and r G {0, 1, . . . , m — 1}''. We then 
define {x, u) = (lyj™ (a;) , r). Note that X x {0, 1, . . . , m — 1}'' is a Cantor set, and 
that if 9? is a minimal free Z'^-action of X, then is a minimal free Z'^-action of 
X (m). Further note that there is a boimdcd orbit injection from (X, (f, Z'') into a 
tower of height m over (X, LP, H^) given by B [x) = (a;, 0). In this, the isomorphism 
hg :G{p) ^ G (p) satisfies m'^hg [Ix] = [lx(m)] • 

Lemma 3.14. Suppose there exist bounded orbit injections Bi and B2 from systems 
(X, (f, Z'*) and (Y, ij), Z"*) into (Z, a, Z**) . Then for some m> there is a bounded 
orbit injection from (X, p, Z'') into a tower of height m over (Y, tp, if) . 

Proof. By the fact that G (a) is simple, there is an n > such that hg^ [Ix] < 
n/i^j [Ir]. Fix m > so that mf' > n. Notice that there is a bounded orbit 
injection Bi from (X, ip, if) into a tower of height m over {Z, a, U^) defined by 
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9i (x) — {9i (x) , 0). Also notice that there is a bounded orbit injection 62 from the 
tower of height m over (Y, tp, if) into the tower of height m over {Z,a,lf), defined 
by ?2 (y, u) = [62 (y) , n) for u e {0, 1, . . . , m - l}"^. Now 

V [Ix] < nh^^ [1y] < [ly] = h-^^ 

Therefore, by Lemma 3.13, there is a bounded orbit injection from (X, (p, Z"^) into 
(y(m),^,Z'*). □ 

Theorem 3.15. Bounded orbit injection equivalence is an equivalence relation. 

Proof. Reflexivity and symmetry are clear, we prove transitivity. Suppose there are 
bounded orbit injections from (X, ip, Z'') and (Y, tp, iF) into a common system and 
there are bounded orbit injections from (F, ^/',Z'^) and {Z,a,lf) into a common 
system. Then by Lemma 3.14, there is an m > such that there exist bounded 
orbit injections from both {X, ip, if) and (Z, a, if) into a tower of height m over 

{Y,^}^)- □ 

3.4. Orbit equivalences from injections. Now let us suppose that two mini- 
mal Cantor systems {X, ip, U^) and (F, i/;, U^) are bounded orbit injection equiva- 
lent, with bounded orbit injections 9i and 62 into a common system (Z, a, Z**). 
Let he-y and hg^ be the isomorphisms as in Theorem 3.12. We show that if 
he^ [Ix] = he^ [ly] holds then there is a bounded orbit equivalence 9 from (X, ip, if) 
to {Y,tp,l''') , i.e., an orbit equivalence 9 in which the function 77 : X x Z"^ ^ Z"^ 
satisfying 9 {ip'" (x)) — ■ip^^'^''"''9 (x) is continuous. 

Let (X, (fi, if) be a minimal Cantor system. By the full group of p wc mean the 
collection of homeomorphisms tt : X — * X such that for each x. tt (x) — (p^'^^^ (x) 
for some C, {x) G Z''. By the topological full group of Lp we nician the collection 
of full group elements that have the property that the associated cocycle function 
^ : X — » Z"^ is continuous. 

Theorem 3.16. Let {^X^ip^l/'-) and (Y,'ip,lj'^) be two minimal Cantor systems 
which are bounded orbit injection equivalent, with bounded orbit injections 61 and, 92 
into a common system (Z, a, Z'') . Let hg-^ : (G (ip) , G (p)^) {G (a) , G (q)^) and 
hg^ : {G (ip) ,G{ip)_^_) {G (a) ,G(q;)_|_) be the isomorphisms as in Theorem 3.12. 
Suppose hg^ [Ix] = hg^ [If] in G{a). Then there is a bounded orbit equivalence 
9 from {X,p,Z'^) to {Y,tP,Z'^). Further, kg = hg^hg, is an isomorphism from 
(GM,GM+) to (G(V'),G(^)+). 

Proof. First consider the case where 9i {X) = Z. Then 92 (Y) = Z as well, for 
otherwise Z \92 (Y) is a nonempty clopen set and hg^ [Ix] = [i-z] = hg^ [ly] + 
[^z\e2(Y)\ > hg.^ [1y\. But if6ii {X) = Z = 92 {Y) then we can simply let 6I = ^6»i, 
and we are done. 

Assume then that [Iz] > [^ei(x)\ = [^e-i(x)\ - Then 



where Ai C Z are clopen and v (i) G Z''. Via Lemma 3.10, there is a c > and 
Mo > 2 such that if G is M-regular and V = {(p'^Ck : w e Pk,l < k < K} is a 
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Voronoi-Rohlin partition centered at C then ioi 1 < k < K and a; G Cfc, both the 
following hold 

^ l,,(K)a'' {x) > cM'' 
vePk 

J2 ^za- (^) - E l^^W"" (^) > 
fe-Pfe vePk 

Choose M such that cM > L X^^^^ ||^ (*) II where L is the constant from Theorem 
3.7 (item 4). 

Let V = {a^Ck : w € Pk,l < k < K} be a Voronoi-Rohlin partition of Z cen- 
tered at an M-regular clopcn sot C. If necessary, partition the clopen sets Ck so 
that P refines {Ai, Z \ Ai} and {a^^^Uj, Z \ a"(*) Aj} for each i. 

Then for each i, 

where w («, j, k) e P/j for all k). Let C Ai be the union of sets a^^^'-^-'^^Cft 
over the indices k) where w k) + v {i) ^ Pk- The number of such indices 
{i,j,k) is bounded above by 

j2\PkA{Pk-vm < E^iiwoii^'"' 

i=l i=l 

< cM'^ 

For each x G Bi, x G a'^''^^Ck(x) for some 1 < / (a;) < and w (x) e i-fe(a;) and 
a^^*^ (x) is in Q;"('^)C/(a;) for some 1 < I (x) < K for some « (x) G -P/(x)- The map 
X t—^ (k (x) , w {x) , I (x) , u (x)) is continuous. 

For each pair of indices k and w with a^C^ C we select a vector r {i, w, k) G 
Pfc so that a'^(*'"'''=)Cfe C Z\e2 {Y). We do so in such a way that if {i, w) ^ {i', w') 
then r {i, w,k) {i' , w' ,k). This is possible because 

I 

# {{i, k,w) ■.a'^CkCBi for some i} = ^ 1^^ ^ (^^ " ^ (»))l 

< E l2\e2(r)Q!'' (a;) 

By the same reasoning, for each index I and u with a"Ci C a^^^^Bi, we select 
a vector s {i,u,l) S P/ so that a*(''"'')C/ C 02 (5^), and that if {i,u) ^ {i',u') then 
s {i, u,l) ^ s {i', u', I). 

Define TT : 62 (Y) Z, an clement of the topological full group of a as follows. 
Suppose y = q^'^'^ (x) for some x £ Bi where Bi C a^Ck € P, and y S a"C/ e P. 
Define tt = q:''^''"'''^^""' (a;). We set tt = id on the complement of 

Now replace the bounded orbit injection 62 ■ Y ^ Z with the bounded orbit 
injection ^62 .Y^Z. 
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Fix k, and let us consider z E Ck and the sum 
uePfc vePk 

We rewrite the first and second terms in the sum as follows. 

E (le.(x) K^) - K^)) = E E ("''^) - i^-^i^. (""^)) 

= E#{^ePfc:a''(7feCB0 

i 

-E#{^G^fc:«'""^'^^fcCiJi} 

i 

vePk 

# € Pfe : w = s (i, u, A;) for some u € Pk} 

— ^{v € Pk : r {i, w,k) = v for some w € Pk} 

i 

Fixing i, these sums cancel. This means that for each z E Ck, there is a one-to- 
one correspondence ( : {v € Pk : a'' {z) C 9i {X)} ^ {v £ Pk : a"" (z) C n02 {Y)}. 

With this, we can set up a bounded orbit equivalence h from X to F by taking 
h {x) = 61^ V-iaf('')-''6li (a;) where 6*1 (a;) e a^Cfe. □ 

Finally we examine the situation where two minimal Cantor systems (X, (p, Z'') 
and (y, tjj, ifi^ are bounded orbit injection equivalent, with bounded orbit injections 
^1 and Qi into a common system (Z, a, if) with the property that he^ [Ix] — /lea [li'l 
is an infinitesimal, i.e., an element of the subgroup /n/ [G (a)) as defined below. 

Definition 3.17. For a simple ordered group (G, G+) we define Inf {G) to be the 

following subgroup 

Inf (G) = {g € G : ng < h for any n € Z, and any h G G+ \ {0}} 

The type of bounded orbit injection equivalence discussed here corresponds to a 
kind of topological version of the notion of even Kakutani equivalence in measure 
theoretic dynamics (see for example, [2]). It follows from the main results of [14] 
that [X, (p, Z'^) and (Y, tp, Z'') are orbit equivalent. We obtain a stronger form of 
orbit equivalence in this setting, not bounded, but where for any ?; e Z*^ the cocycle 
ri{-,v) is continuous except at two points {xo,<f~^xo}. 

We first show over the next three propositions that if indicator functions of 
clopen sets differ by a infinitesimal then there is a full group element mapping one 
to the other. The proof is essentially an adaptation of an argument in [5] to the 
case of Z''-actions. 

Proposition 3.18. Let {X,ip,Z'^) be a minimal Cantor system. Let A, B be two 
clopen sets in X such that [\a\ — [1b] S Inf [ip). Then given a proper clopen subset 
D c A and point b G B, there is a clopen subset E c B\ {b} such that [1 d] < [1b] • 
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Proof. Let e = [1^] — [Is] £ Inf {(p). Since D C A is a proper subset, A\D 
is a nonempty clopen set and [Iavd] > 0. Now [Is] + £ — [Id] = [1a] — [lr>] = 
> 0. Because (^G {(p) ,G {(p)_^) is simple, there exists an n G N such that 
^ ([Is] + £ ~ [Id]) — [1] > 0. Because e is infinitesimal, [1] —ns>Q, adding this to 
([Is] + e — [Id]) — [1], we obtain n {[1b] — [Id]) > 0. Because the ordered group 
is weakly unperforated, [1^] — [l/j] > 0. 

Now use Lemma 3.10 to find a Mq such that whenever C is M- regular for 
M > Mo and T = {(fi'^Ck : w G Pk,l < k < K} is a Voronoi-Rohlin partition of 
X centered at C then for all x G Ck, 

IdV- {x) - J2 ^B^' (^) > 2 
vePk vGPk 
Apply Proposition 3.6 to construct an M-regular clopen set C C .B containing b 
with M > Mo and the corresponding Voronoi-Rohlin partition 

V = {<p"'Cfe ■.wePk,l<k<K}. 

By partitioning Ck if necessary, wc may assume that V is a finer partition than 
both {D, X \ D} and {B, X \ B}. One of these partition elements _B is a union of 
the form (^"'^■'''^^Cfc and one of these sets, say (p'^^^'^^Ci, contains the 

point b. Let E be the clopen set B \ ip'^^^^'^^Ci. Then E c B, b ^ E, and 

Id'/'" {x) < Y ^EV" (^) • 

Therefore, [1^;] — [Id] G C!{(p)^ \ [0] which gives the result. □ 

Lemma 3.19. Let (X, (p, Z'') be a minimal Cantor system. Let A, B be two clopen 
sets in X with [1a] — [1b] € Inf (cp). Fix xq & A, yo e. B and let e > be given. 
Then there is an element w of the topological full group of ip and a clopen set 

A' C A \ {xq} such that 

(1) A' DA\B{xo,e) 

(2) niA')cB\{yo} 

(3) 7r2 = id 

(4) tt\x\A' = id 

Proof. Without loss of generality, A and B are disjoint, otherwise set n = id on 
Ar\B. Let A' be any clopen set such that A\B{xo,e) C A' C A\{xo}. Then by 
the previous proposition there is a clopen set B' c B\ {yo} such that [1b'] > [Ia']- 
Now use Lemma 3.10 to find a Mq such that whenever C is M-regular for M > Mq 
and V = {(p^Ck : w € Pk, 1 < k < K} is a Voronoi-Rohlin partition of X centered 
at C then for all x G C, 

vePk vePk 
Next apply Proposition 3.6 to construct an M-regular clopen set C C A con- 
taining Xq with M > Mq, and the corresponding Voronoi-Rohlin partition V = 
{(p^Ck : w € Pk, 1 <k < K]. By partitioning Ck if necessary, we may assume that 
■P is a finer partition than both {A',X\A'} and {B',X\B'}. Then for each 
k we can define an injection ivk : {v € Pk ■ p'"Ck C A'} {v £ Pk : p'"Ck C B'}. 
Then for x £ A' we know x S ip'"Ck for some k and some v G Pk; define tt {x) = 
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To extend tt to a homeomorphism of X, we set n = n ^ on B' and n — id 
elsewhere. □ 

Theorem 3.20. Let (X, cp, Z'') be a minimal Cantor system. Let A, B be two 

clopen sets in X with [1^] — [1^] G Inf (ip). LetxQ £ A andya = ip"' (xq) 6 B. Then 
there is an element tt of the full group of (p such that tt (A) = B and tt (xq) = yo 
and the function ( : X ^ satisfying tt (a;) = (p^(^) (a;) is continuous on A\ {a}. 

Proof. Without loss of generality, A and B are disjoint, otherwise set it = id on 

An B. Fix xq G a and yo = p^ (xo) £ B. Suppose {e„} is a decreasing sequence 
of positive numbers which converges to 0. Set Aq = Bq = %. Now for each n > 0, 
we recursively do the following 

Step 2n + 1: Apply Lemma 3.19 to A2m B2n, xq, j/q a-nd e2n+i- This gives a 
clopen set {A \ UfZ^Q^j) \B{xo, e2„+i) C A2n+i C {A\ uf^o^i) Ua^o} and element 
7r2ra+i of the topological full group of ip mapping A2n+i into [B \ U?"o-^i) \ ivo}- 

Set i?2n+l = 7''2n+l (^2n+l)- 

Step 2n + 2: Apply Lemma 3.19 to B \ B2n+i, A \ ^2n+i, Xq, yo and e2„+2. 
This gives a clopen set B2n+2 with (S \ U^^J^Sj) \ S(?/o,e2n+2) C B2n+2 C 
{B \ UiZo^Bi) \ {yo} and element 7r2n+2 of the topological full group of (p mapping 
B2n+2 into {A \ U-"J^A,) \ {.To}. Set ^2n+2 = 7r2„+2 (S2„+2). (Notc that since 

^2n+2 = ^d, then 7r2„+2 (A2„+2) = -B2„+2-) 

Note that the sets {An} and {Bn} are each pairwise disjoint collections of clopen 
sets. 

Set TT (xo) — yo and n = id on X \{ALI B). For any other a; G A, there will be 
an n such that e2n+i such that x € A\B (xo, e2n+i)- This means that x € Ai for a 
unique i between and 2n + 1 which means that Wi (x) is not the identity map for 
exactly one i. Set tt (x) = Wi (x) G B for this value of i. 

Let us check that tt is continuous at Xq and yo, it is fairly clear that it is continu- 
ous everywhere else. Note that the set A \ iJ^^o^^i is a clopen set containing of xq 
and is a subset of B (xq, e2n+i)- The image of A \ uf2o^^^ under tt is \ U^"o 
which is a clopen set containing yo and 

B \ U^i^+^Bi c B \ U?^o-Bi C B {yo, e^n) 

This shows that tt is continuous at xq and yo- That tt is one-to-one, onto, and is in 
the full group is easy to check. Since each tt^ is in the topological full group, the 
only possible discontinuity of the cocycle for tt is at a. □ 

Theorem 3.21. Let (X,p),U^^ and (y, (/:;,Z'') be two minimal Cantor systems 
which are bounded orbit injection equivalent, with bounded orbit injections 9i and 
02 into a common system {Z,a,'Ij'^'j and let xq G X. Let he-^ : (G (p) ,G{(p)^^ 
(G (a) , G (q;)_,_) and he^ : (G (')/') , G {ip)^) ^ (G (a) , G be the isomorphisms 

as in Theorem 3.12. Suppose hg^ [Ix] — hg^ [ly] G Inf (a). Then there is an 
orbit equivalence 9 from (X, (p, Z"^) to (Y, ijj, Z'') such that the cocycle function 
r] : X X -> I/- satisfying 

ip^{x) =y ^ V"^'^''"^ ° S(x) = e(y) 
has the property that for any w G Z'', rj{-, w) is continuous on X \ {xq, p~'^Xo}. 

Proof Since hg^ [Ix] - hg^ [ly] G Inf (a), we have [lei(x)] - [l^sCi-)] ^ Inf (a). 
Fix Xq G X. By Lemma 3.20, there is an element n of the full group of a which 
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maps 61 {X) to 02 {Y) with the property that the associated cocycle ( satisfying 
TT (^1 (x)) = a'^^-^^9i (x) is continuous except at xq- Set 6 {x) = 62^^61 {x). Then 9 
is an orbit equivalence. 

Let T] be the cocycle function satisfying 

^^{x) =y ^ V"*'''"'^ ° Oix) = e{y) 

Fix w € U^. We aim to prove that r}{-, w) is continuous except at xq and ip~'^ {xo). 
Suppose X G X\{xq, (^~™ (^^o)}- Then because 6\ is a bounded orbit injection, there 
is a u G Z'' and a clopen neighborhood Ui of x such that f/i C X\{xo, (/J"™ {xq)} and 
9-i_ip^ = a'"9i on Ui. Now since x G X\{xo, ip~'^ {xq)}, there is clopen neighborhood 
U2 of x such that ?72 C Ui and is constant on both U2 and ^p^U2- Set Co = C^i (2;) 
and C,i = C^iijo"" (x). Then on the set U2, wc have Q!^i+''~^o7r0i = 7r0i(^"'. Finally, 
because 02 is a bounded orbit injection and both tt9i {x) and nOiip^ {x) are in 
62 (Y), there is a clopen neighborhood U3 of x such that U3 C ?72 and a vector u 
such that 6'2"^a^i+"-^"7r0i = V'^fila^Veii. Therefore on C/3, 6'^V^i(p"' = V"6'^V6'i, 
which implies ri{-, w) is continuous on X \ {xq, ip~'^ (s^o)}- D 
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